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Abstract 



We consider IIB matrix model with Dl-D5-brane backgrounds. Using the fact that 
noncommutative gauge theory on the D-branes can be obtained as twisted reduced model 
in IIB matrix model, we study two-dimensional gauge theory on Dl-branes and D5-branes. 
Especially the spectrum of the zero modes in the off-diagonal parts is examined. We also 
consider the description of Dl-branes as local excitations of gauge theory on D5-branes. 
Relation to supergravity solution is also discussed. 
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1 Introduction 



Several kinds of Matrix Model have been proposed JT], 0, [| f| to study the nonperturbative 
aspects of string theory or M theory. These proposals are based on the developments of D- 
branes. They have been shown to play a fundamental role in nonperturbative string theory^, 
. Notable point is that supersymmetric gauge theory can be obtained on their world- volume 
as their low energy effective theory. The idea of matrix models is that supersymmetric gauge 
theory can describe string or M theory. 

IIB Matrix Model is one of these proposals It is a large N reduced model|7J of 
ten-dimensional supersymmetric Yang-Mills theory. It is postulated that it gives the con- 
structive definition of type IIB superstring theory. It is crucial that this model has M = 2 
supersymmetry because it guarantees the existence of gravitons. 

Recently, noncommutative Yang-Mills theory has been studied in many situations. It first 
appeared within the framework of toroidal compactification of Matrix theory ||. The world 
volume theory on D-branes with NS-NS two-form background is described by noncommuta- 
tive Yang- Mills theory 0. It was shown fllUfl that in matrix model picture noncommutative 
Yang-Mills theory is equivalent to twisted reduced model[|ll|]. In IIB matrix model, twisted 
reduced model is obtained as expanding the model around noncommutative backgrounds. A 
noncommutative background is a D-brane-like background which is a solution of equation of 
motion and preserves a part of supersymmetry. It is well known that gauge theory is realized 
in the world-volume of D-branes as their low energy effective theory. In IIB matrix model, 
gauge theory is realized as twisted reduced model. The remarkable point is that there is a 
relation between the coordinate space and the momentum space. Further researches about 
noncommutative Yang-Mills were done in ]12| using the property of twisted reduced model. 
The behaviors of Wilson loop operators in the large momentum scale region and the small 
momentum scale region are studied. In small momentum scale region Wilson loops are the 
ones in ordinary gauge theory while in large momentum scale region Wilson loops become 
open string like objects. It was pointed out that there was a crossover at noncommutative 
scale. 

In this paper, we study IIB matrix model with D1-D5 backgrounds. The D1-D5 back- 
ground is an interesting configuration since it is used by Strominger and Vafa |fL3|| in order 
to study the microscopic interpretation of the black hole entropy. It is further studied by 
Maldacena|l4| as AdS/CFT correspondence. The organization of this paper is as follows. In 
section 2, we review the relation between noncommutative Yang-Mills and IIB matrix model. 
Noncommutative Yang-Mills is equivalent to twisted reduced model. Twisted reduced model 
is defined by the expansion around a D-brane-like background in IIB matrix model. In sec- 
tion 3, we consider D1-D5 backgrounds. For their description, we divide matrices into four 
parts. The upper left part and the lower right part represent Dl-branes and D5-branes re- 
spectively. The remaining parts represent the interactions of them. In string theory picture, 
off-diagonal parts represent the states appearing as open strings connecting Dl-branes and 
D5-branes. We examine the spectrum of this matrix model. The spectrum of open strings 
connecting Dl-branes and D5-branes in string theory is discussed in |J. Comparison with 
string theory results is mentioned. We also consider another description of Dl-branes as 
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local excitations of gauge theory on the world-volume of D5-branes. This description gives 
the description of Dl-branes bounded to D5-branes. The counting of the zero modes is also 
discussed. In section 4, we mention the relation to supergravity solutions. The relation 
between supergravity and gauge theory is formulated as AdS/CFT correspondence [14]. B- 
field background effect changes the behaviors of gauge theory, while supergravity solutions 
are also changed [15], [16 |. Interactions in very far region from branes, flat spacetime, are 
described by the cluster property in matrix model. In near horizon region (so called AdS 
region) gauge theory description can be used. We consider AdS% x5 3 x M 4 background in 
matrix model. AdS§ x S 5 background is investigated in [1C, 12 
conclusions and discussions. 



Section 5 is devoted to 



2 Noncommutative Yang-Mills in IIB matrix model 

In this section, we review IIB matrix model 0, [T7|] and its relation to noncommutative 



Yang-Mills which is equal to twisted reduced model 0, |12 
IIB matrix model is defined by the following action 

S = ~j 2 Tr Q [Ap, A v \ \A\ A«\ + l$T» [A„ . (1) 

Here ip is a ten dimensional Majorana-Weyl spinor field, and A^ and ip are N x N hermitian 
matrices. This model is the large N reduced model of ten-dimensional J\f—1 supersymmetric 
Yang-Mills theory. This is based on the observation that a large N gauge theory is equivalent 
to its reduced model]?]]. This model has the following symmetries: 

8^ = \ [A„ A v ] r^e (2) 

<5 (1) A M = iePV, (3) 

and 

5 (2 V = £ (4) 

5 {2) A, = 0, (5) 

SAp = c„l. (6) 

If we interpret the eigenvalues of A^ as the space-time coordinates, we can regard the above 
symmetry as J\f = 2 supersymmetry. We take a linear combination of 8^ and 8^ as 

~ 5 (i) = 5 (i) + 5 m 

$< 2 ) = i (8® - 8^) , (7) 



and translation symmetry: 



we can obtain Af = 2 supersymmetry algebra: 
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(5^ - f A, = 2ieT^6 tJ (8) 

The equation of motion of ([TJ) with ip — is 

[A M ,[A M ,A,]] =0. (9) 

The solution in which [A^, A u ] = c-number is an interesting solution because it is a BPS 
background. That is, half of the supersymmetry is preserved in this background. This 
corresponds to a D-brane background. 

We expand the theory around the following classical solution, 

[p»,p u ] = iB^, (10) 

where B^ v is anti-symmetric tensor and c-number. This is a solution of ([|) and is a BPS 
background. We assume the rank of B^ u to be d and define its inverse C^ u in d dimensional 
subspace. p M satisfy the canonical commutation relations and span the d dimensional phase 
space. The volume of the phase space is V p = n(2n) d / 2 ydetB . 
We expand A^ = p fl + d^ and Fourier-decompose d^ and ip as 

d^Ys^WeMiC^V), (11) 

k 

ij = Y / Hk)exp( i C^k^). (12) 

k 

expiiC^k^p 11 ) is the eigenstate of P M = [p^, ■} with eigenvalue k^. The Hermiticity requires 
that d*(k) = d^(—k) and ipt(k) = ip^(—k). Let A be the extension of each p^. The volume 

of one quantum in this phase space is A d /n = X d where A is the spacing of the quanta, say, 
noncommutative scale. B , which is the component of B^ u , is related to A as B = A 2 /27r. 
k^ is quantized in the unit of k™ in = h/n 2 l d = A/n 1//d . The range of k^ is restricted as 
-n l / d \/2 <k^< n 1 / d \/2. 

Consider the map from a matrix to a function as 

<fy — > a^(x) = ^ exp(ifc M x M ). (13) 

k 

Under this map, we obtain the following map, 

db — > a(x) * b(x), (14) 
where * is the star product defined as follows, 

(iC JV d 2 \ 

a(x) -k b{x) = exp I 2 d^drf ) ^ + ^ X + ^ ^ =v=0 ' ^ 
Tr over matrices can be mapped on the integration over functions as 
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d 

Tr[a] = VdetB (—\ ' J d d xa(x). (16) 
Using these rules, the adjoint operator of p^ + d^ is mapped to the covariant derivative: 

[Pfi + <V, 6) -> -dfj,o(x) + a^(x) -k o(x) - o(x) ★ a M (x) = [D^ o(x)] . (17) 

Noncommutative Yang-Mills action can be obtained by applying the above rules. Al- 
though we have discussed the momentum space, the coordinate space is also embedded in 
the matrices of twisted reduced model through the relation x M = C^ v p u . This relation 
says that the coordinate space is related to the momentum space. This relation reminds us 
T-duality. 

3 The Gauge theory of D1-D5 system in IIB matrix 
model 

Following the rules of the previous section, we consider IIB matrix model with D1-D5 
backgrounds. We use the coordinate space description instead of the dual momentum space. 



Dl-D5-brane solutions are constructed by preparing the following matrices B [L8|, 119 



x = q 
V27rni 



x = . p 
y/2imi 

x = q 
V27rn 2 



5 L 3 
x = p 

X = p 
V 27r ^3 

x 5 = -jfi=f. (18) 

where [q,p] = i, [q',p'} = i, [q",p"] = i- Dl-brane and D5-brane are constituted of udi(— n\) 
quanta of the volume l 2 NC and n D5 (= ri 1 n 2 n 3 ) quanta of the volume 1% C respectively, where 
TL\ = HdiInc an d TLiL2L 3 L^L 5 = UdsInc- ^nc = 2n/\ is the noncommutative length 
scale. 

x^ satisfy the commutation relation such as 

[x»,x v ] = -iC^, (19) 

where C 01 = C 23 = C 45 = 2n/B = l 2 NC = (2vr/A) 2 . In IIB matrix model, the D-brane is 
interpreted as not pure one but one with non- vanishing gauge field strength -B^pO)]. They 
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are equivalent to the branes in the presence of a constant NS-NS two-form background 

3 

We expand the model around the classical background, A^, and the fluctuation is denoted 

A, = A* + X,. (20) 

We align a Dl-brane along the 0, 1 directions and a D5-brane along the 0, 1, 2, 3, 4, 5 direc- 
tions: 

Ad _ 




(21) 

X, = ( 1 T ) • (22) 

These A C J satisfy the equation of motion (^). The upper left part and the lower right 
part of matrices represent a Dl-brane and a D5-brane respectively. The remaining parts of 
matrices represent the interactions of them, are the positions of Dl-branes in the 6,7,8,9 
directions. We will use the indices a, j3 as the indices running over the direction parallel to 
the branes and a, h as the indices over the direction transverse to the branes. We replace a a 
and b a with C al3 ap(x) and C a ^bp{x) in our correspondence (|13|), where a a (x) and b a (x) can 
be interpreted as gauge fields. We also replace a a , W and c M with (l/\^B)a a (x), (l/VB)bb(x) 
and (l/\^B)c fl (x). 

We can consider multiple branes by replacing x — > x <g> 1q 1 or x <g> 1q 5 . Qi and Q5 are 
the number of Dl-branes and D5-branes respectively. We call this system D1-D5 system. 
This system is described by two- dimensional^ super symmetric U(Qi) x U(Q 5 ) gauge theory 
in low energy limit, are Q\ x Q 1 hermitian matrices and transform as adjoints of U(Qi). 
6 M are Q5 x Q 5 hermitian matrices and transform as adjoints of U(Q$). are Qi x Q 5 
matrices and transform as the product of the fundamental representation of U(Q±) and the 
anti-fundamental representation of U{Q^). are the complex conjugate of c M . a M , c M and 

are two-dimensional fields while 6 M are six- dimensional fields. 

We examine the condition whether this background is supersymmetric: 

S^= l -[A l ,,A v ]r^e 



3 This is the configuration considered in || 

4 To describe the compact space, we impose the following condition for the matrices, 

A^ + 2irR^S ia ,=n v A IJ ,(ll (p, v = 2, 3, 4, 5) 

where f2 M are unitary matrices and i? M are compactification radii. f2 M don't commute for the noncommutative 
torus flal. 
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/ c oi r oi o \ 

- ^ Q C 01 r 01 + C 23 r 23 + C 45 r 45 J ^ 

*< 2 ty = £. (23) 
We find that the following conditions are needed for this configuration to be supersymmetric: 

C 01 r 01 e = £, 

r 2 r 3 r 4 r 5 e = e. (24) 

Therefore one fourth of the supersymmetry are preserved in this configuration. This theory 
has Af = (4, 4) supersymmetry in two dimensions. 

We now consider twisted reduced model action with the D1-D5 backgrounds. The bosonic 
part action with = can be easily calculated and become 



+ 2B (D a a a ) (D a a a ) + B 2 [a a , a b ][a a , a fe ])* 

+ 3 fJff 5 " o~^2R / d e xtr([D a ,D,}[D a ,D 
\bix 6 q /L ln 6 q z B J 



+ 2B(D a b a ) (D a b a ) + B 2 [b a ,b b ][b a ,b b ]U (25) 



where D a is the covariant derivative constructed by the gauge fields a a (a = 0,1) while D a 
is the covariant derivative constructed by the gauge fields b a (a = 0, 1, 2, 3, 4, 5). tr is taken 
over the color indices. * means that products are not usual ones but the ones defined by 
(|I~5|). We have just considered the situation that Dl-branes are overlapping and also that 
D5-branes are overlapping. By replacing left upper part of Af with (g> 1q x (i = color 
index) which is the positions of Dl-branes in the x 2 direction, we can obtain the case that 
Dl-branes are separated in x 2 direction. This makes field massive. Other cases can be 
done in the same way. 

We next consider c M and fields. It corresponds to the states appearing in (1, 5) and 
(5, 1) string^ in string theory picture. We ignore the interaction terms. After the gauge 
fixing]^], the kinetic and mass terms are given by 



If 



a=0 fj,=0 
5 9 



If 

— / d 2 xtr Y,M* 2 A) + u2 °A + c l(wl) + u*w* 

T 9 J a=2 n=0 

If 

— — J d 2 xtr{c 2 c\ - 4c 3 - c 3 4 + 4 C 2 + C4C5 - c\c 5 - c 5 c\ + 4c 4 }*, (26) 



ting 
% 



'(1, 5) string is the open string with one end on a Dl-brane and the other end on a D5-brane. 
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where U 2 = Y/a=e u 2 . Mass terms are given in second and third lines in (|26|). x\ + x\ is the 
Hamiltonian of the charged particle moving on the two-plane in a uniform magnetic field 
(remember (|i~9f)) . Therefore the energy eigenvalue of x\ + x\ is given by the Landau level, 
2(N + |)/-B ( AT = 0, 1, 2, . . .) and similarly for x| + £§. Now we can rewrite mass terms in 



d 2 xtr [((2M + 2)/B + £/ 2 ) (^l + <f>\<l>i) + {2M/B + U 2 ) [Ml + 0202 
d 2 xtr [((2N + 2)/ 'B + U 2 ) {^<j>\ + <^0 3 ) + (2JV/B + f/ 2 ) (Wl + <f>l<f>. 



as 

1 



87ig 2 B 2 

- J- / rf 2 xtr £ [((2M + + (2iV + + f/ 2 ) (c,c\ + cj^)] (27) 

where 0i = -^(c 2 + ic 3 ), <fr 2 = -^(c 2 -ic 3 ), <fr 3 = ^(c 4 -Mc 5 ) and </> 4 = ^(c 4 -zc 5 ). U 2 is the 
distance between Dl-branes and D5-branes. These mass terms mean that a field appearing 
in the string connecting two branes has a mass proportional to the distance between two 
branes in string picture. We can say that only <p 2 and 4 can be massless scalar at the ground 
state (M = or N = 0) and U 2 = while 0i,03 and c M (/i ^ 2,3,4,5) are always massive 
because of the zero point energy Only four real degrees of freedom are massless degrees of 
freedom. 

We next examine the fermionic part. We divide matrices into four parts in the same way 
as the bosonic part. Fermionic background is set to zero. 

Kinetic and mass terms are calculated as follows, 

1 ( ~ 
S = - -—^ J d 2 xtr (^lfado^i)^ 

If - 
- J d 2 xtr(ifj 3 r a d a tpl + 0W3 

+Bijj 3 (r 7 x 7 - u T T T ) ipl + Bipl (r 7 x 7 + u T T T ) ^3)* 

U ~ f d 6 xtrU 2 fpd^ 2 ) , (29) 



167T 3 (yf 2 

where I> = T 5 e 513 , and a = 0, 1, = 0,1,2,3,4,5, 7 = 2,3,4,5, and r = 6,7,8,9. We 
consider the massless conditions for ip 3 and ip 3 . Mass terms are given by the fourth and 
fifth terms of (|29|). Therefore the massless conditions for ip 3 and ipl 7 ^3 = and 

T^x^ipl = and u T = 0. We rewrite r 7 x 7 = as 

(r 2 + ir 3 ) (x 2 - ix 3 ) + (r 2 - ir 3 ) (x 2 + ix 3 ) 

+ (r 4 + zr 5 ) (V - ^ 5 ) + (r 4 - zr 5 ) (V + zx 5 ) = o. (30) 
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From the commutation relation (|19|), we can make annihilation-creation operators: 




(31) 



a 23, a 23 



1. 



(32) 



Annihilation-creation operators for x 4 and x 5 also can be made in the same way. So the 
following conditions are needed for ip 3 and ip\ to be massless: 



Last two conditions say that one fourth of ip 3 components survive. In other words, the 
massless mode of fermion has eight components. We have seen that massless mode of c M 
has real four degrees of freedom. Both c M and transform as the product of the fundamental 
of U(Qi) and ant i- fundamental of U(Q 5 ), i.e. these are super-partners. Since the massless 
physical degrees of freedom of i/j^ are four, they are same with the massless degrees of freedom 
of c M . 

We compare these results with string theory results. Off-diagonal elements of matrices 
correspond to (1, 5) or (5, 1) string. Superstring theory is usually formulated in the Ramond- 
Neveu-Schwarz formalism, while matrix model is formulated in the Green-Schwarz formalism. 
We examine the spectrum of (1, 5)-string in the presence of b^ v field by the Ramond-Neveu- 
Schwarz formalism. In the R sector, the zero point energy is zero, because world-sheet bosons 
and world-sheet fermions have the same moding. The massless spectrum is not affected by 
a field. There are four periodic world-sheet fermions in the NN and DD directions (0,1 
directions are not counted ). So, there are four zero modes. These zero modes generate 
2 4 / 2 = 4 ground states. After imposing the GSO projection, two of the four ground states 
survive. There are also the contribution from (5, 1) string. Therefore there appear four 
massless modes, which correspond to the massless modes of 02 and 04, from the R sector. 
In the NS sector, the massless spectrum is affected by the b^ v field. The zero point energy 
has the dependence of the value of the b^ u field. The spectrum is discussed in || about 
the case of the D0-D4 system. Same discussions are applied to the D1-D5 system. For 
large 6 2 3 and 6 45 , a D5-brane is regarded as to be constituted of infinitely Dl-branes or 
anti-D-branes. According to [§, the spectrums are different in these cases. (From the open 
string stretching between D-string and anti-D-string, tachyon state appears. So this system 
is unstable and not supersymmetric.) The case which is considered in this paper is the 
former case in which this system is supersymmetric. In this case, total four massless modes, 
which correspond to the massless modes of appear from the NS sector after imposing 



023^30) 
045^30) 

(r 2 + zr 3 )|4 3 ^3o) 
(r 4 + ir 5 )|4 5 ^3o) 






0. 



(33) 
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the GSO projection. From these facts, we conclude that the number of massless modes for 
the off-diagonal elements in matrix model matches the number of massless modes for (1,5) 
and (5,1) string. 



We now consider the description of Dl-branes embedded in D5-branes. We are interested 
in D1-D5 bound states because these states are associated with the dynamics of the black 
hole|]T3. It can be shown that the instantons of U{Q§) gauge theory on the D5-branes 
carry R-R two-form charge and Dl-branes considered in the previous part of this section 
correspond to the zero size limit of the instantons. Therefore Qi Dl-branes embedded in 

gauge theory [^, [ 



D5-brane are constructed as Qi instantons in U{Q§ 
the Chern-Simon coupling in D5-brane action: 



We now look at 



tr 



Co A Fo A F 9 



s 6 



where Ci is the R-R two form field and F2 is the gauge field strength. In this coupling, 
F A F plays the role of Dl-brane charge. In general, lower-dimensional D-branes embedded 
in higher-dimensional D-branes are expressed as the magnetic flux on higher-dimensional 



D-branes 23 



We consider U(Qr, 
T 4 in matrix model. 



gauge theory on D5-branes with a self-dual gauge field strength on 



A 



X„ 





x„ 



(/i = 0,1, 2, 3, 4, 5) 



(^ = 6,7,8,9) 



(34) 
(35) 



The size of the right lower part of matrices are 2x2. The size of the left upper part of 
matrices are (Q5 — 2) x (Q 5 — 2). The equation of motion in IIB matrix model is given by 
(§). After the replacements from matrices to functions, the equation of motion of this gauge 
theory become 



D 



Hi 



D„D t 



(jm,v = 0,1,2,3,4,5,6). 



(36) 



We analyze the situation that only gauge fields b^f 1 have nontrivial classical solutions. In 
other words, we embed an (anti-)instanton into SU(2) part (right lower part). The instanton 
solution [] can be constructed as follows, 



p(2) 

F m 

p(2) 
pa 





0. 



(37) 



Instantons on non-commutative R 4 space are constructed in 
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where a, (3 — 2, 3, 4, 5 and p, a = 0, 1. * means the dual tensor on T 4 . The star product which 
is defined in (|5|) is used in these equations. F^ is the gauge field strength constructed by 
the gauge field . Self-dual and anti-self-dual configurations are referred to instantons and 
anti-instantons respectively. In D-brane picture, the winding number of instanton represents 
the Dl-brane charge. Therefore to express Qi Dl-branes on D5-branes, we set the following 
condition: 

Q 1 = -L t rf F^AF^. (38) 

Also, D5-branes carry D3-branes charge. Therefore we also need the following condition to 
obtain pure D1-D5 bound states, i.e. no D3-branes: 



— tr / F {2) 



(39) 



In these configurations, supersymmetry transformations (EJ) and (f§) are given as follows: 



1 fC^T^ 

2 \ (C^ + iC» T C vp 



T ' p 



+ 



'0 







* {2 V = e, 



OiC^C 35 [D 7 , Ds] 



(40) 



where repeated indices a,/3,j,T run over 2,3,4,5. =F correspond to self-dual and anti-self- 
dual configurations respectively. Following constraints are needed for this configuration to 
be supersymmetric: 

1 



-C"T 



r 2 r 3 r 4 r 5 e = ±e. 



(41) 



We study the zero mode. It is known that the second Chern number is equal to the 
difference in the number of the chiral fermion zero modes whose chiralities are positive and 
negative (the index theorem). The difference of the chiral fermions is given by ayQi[ 



where ay is the Dynkin index depending on the representation and Q\ is defined in (38). 
We expect that chiral fermions appear from the off-diagonal parts and the right lower part. 
These parts transform as the fundamental and adjoints of SU (2) respectively. In these cases, 
ay is 1 and 4 respectively. Therefore Q1Q5 chiral fermion zero modes appear from the index 
theorem. From the condition (|33D , the zero mode of ips satisfies r 2 r 3 r4r 5 ?/>3o = —^30- This 
implies that ^30 has negative chirality as a 50(4) (the rotation of 22, £3, X4, x$) Weyl spinor. 
We notice that this chirality is opposite to the spinor which satisfy the condition of unbroken 
supersymmetry (see (|4~T1) ). The reason is that these zero modes are Goldstone modes. The 
degrees of freedom of these zero modes is associated with the dynamics of the black hole 
entropy [|i~3| . 
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4 Relation to supergravity solution 



In this section, we would like to study the supergravity solution in IIB matrix model. The 
relevant supergravity solution to matrix model is supergravity solution with b^ v field since 
the D-brane in matrix model is not pure one but one with h^ v background. The alignment 
of Dl-branes and D5-branes is same with the previous section. x 2 , x 3 , £4, £5, directions 
are compactified on a torus T 4 . This gives black string solution if Qi and Q 5 are large. 
We will work out in Euclidean space. The supergravity solution of D1-D5 system with the 
b^v fields which have non-zero components along all the directions parallel to the branes 



can be obtained likewise as in |26|, |Tg. The procedure is as follows. We apply T-duality 
transformation in the x\ direction in a usual D1-D5 system. This gives D0-D4 bound states. 
Then we rotate the (xq, xi)-plane with a rotation angle 9. Now we consider making the T- 
duality transformation in the X\ (this is a rotated coordinate) direction. This gives the mixed 
boundary condition in the Xo, Xi directions. In this T-duality transformation, 6 i — tan# is 
induced along the x , xi directions. By applying the same procedure in the x 2 , x 3 and x 4 , 
X5 directions, we obtain the following solution[]: 

ds 2 = A k h h h (da* + dxfj + f*f* (dr 2 + r 2 dnj) 

+ fi'f^Mdxl + dx 2 3 ) + h 3 (dx 2 A + dxj)}, (42) 

e 2 ^ = 9 2 ^hh 2 h 3 , 

J5 

a'R 2 
f li5 = 1 + M 



601 = tan 6f[ / 5 ~ hi 
b 23 = tan6>/i/ 5 _1 /i 2 
645 = tan^/x/^ 1 ^, 

where 

h- 1 = /-V-^in^ + cos 2 ^, 

h~ 1 = h 3 1 = /i/s -1 sin 2 9 + cos 2 6. 

This solution is considered in string frame. 9 is a parameter which represents noncommu- 
tativity. 

We consider the region which is very far from branes, that is, r is very large. The 
spacetime become the flat space-time. We can ignore the h^ v effect (i.e. noncommutativity) 
in this region. In such a region, the interactions are described as the interactions between 
diagonal blocks using the cluster property^, |l(| in matrix model. We consider the instanton 
and (anti-)instanton pair, each is in D5-brane, and the situation that their distance is very 

7 The notation is referred to Q . 



12 



far. Instanton configuration in D5-brane is discussed at the last part in the previous section. 
We embed D1-D5 bound states in the left upper part of matrices and the other D1-D5 bound 
states in the left upper part of matrices. The exchange of gravitons, dilatons and axions can 
be seen similar to D3-D(— 1) case||10||. The interaction potential between instantons vanish 



because this system is BPS saturated. On the other hand, graviton exchange can be seen in 



the instanton and anti-instanton case 10 



It is conjectured by Maldacena|14| that two-dimensional CFT describing the Higgs branch 
of D1-D5 system on M 4 is dual to IIB string on AdS^ x S 3 x M 4 . In the spirit of this 
relation, supergravity solution dual to noncommutative Yang-Mills is studied by Maldacena 
and Russo[[Ll]], Hashimoto and Itzhaki ]T5|] . Solution dual to two-dimensional gauge theory 



on Dl-D5-branes with b^ u field is obtained by taking the near horizon limit in the solution 
(0), 



a 



0, tan0 



a' 



(43) 



OL „ 




2:2,3,4,5 = {pi) 2X2,3, 



4,5, 



r 



a R u, g 



a'g, 



where b, x ,i, £2,3,4,5, u and g stay fixed and R 2 = R1R5 



ch 2 
a' 



— = R 2 



u 



dU 2 

r h (dxl + dxfj + — + dVl 



/t 5 



(44) 



1 + a 4 u 4 ' 
e 2 * = g 2 h. 



bR 2 



where g = gb{Ri/R^) 2 is the string coupling in the IR region. From the perspective of 
gauge theory, radial coordinate u is interpreted as energy scale. In the IR region, this metric 
represents AdS% x S 3 x M 4 . The string coupling constant depends on the energy scale. The 
string coupling decrease as the energy scale grows. This is the same behavior with one in 
AdS?, x S 5 which behaves like the twisted reduced model flTOl . The behavior of the dilaton is 



1 



1 



9 



a 2 u 2 



9t 



(45) 



bR 2 u 2 

at large u. This is in accordance with the fact that the relevant noncommutative Yang-Mills 



theory is two-dimensional |27| 



In IIB matrix model, curved spacetime is thought to be given by assuming the following 

(p(x)) ~ ^e~^\ (46) 

p(x) = J2^ W) (x-x l ). (47) 



eigenvalue distribution p8 
where 
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In this case, we can calculate as follows , 

= < a ' fl ' % » !rl (rT^)'- < 48 > 

in only AdS% part. This is invariant under u — > l/a 2 u as expected. This eigenvalue 
distribution has a peak at u = 1/a while ordinary AdS has a peak at u = oo (i.e. boundary). 

5 Discussions 

In this paper, we have considered D1-D5 system in IIB matrix model. Using the equiva- 
lence between twisted reduced model and noncommutative Yang-Mills, we studied the two- 
dimensional gauge theory on D1-D5 system. Twisted reduced model is obtained by the 
expansion around the noncommutative background. D1-D5 background is supersymmetric 
and one fourth of the supersymmetry survive. We discussed the spectrum of the fields, es- 
pecially the fields which appear in the off-diagonal parts of matrices. They correspond to 
the state which appear in (1, 5) or (5, 1) open string. We showed that only four degrees of 
freedom can be massless modes. This fact coincides with string theory result. Dl-branes 
embedded in D5-branes are expressed as nontrivial solutions, instantons, in six-dimensional 
gauge theory on D5-branes. We also considered the zero modes of the instanton config- 
uration. The topological charge of the instanton is related to the existence of the chiral 
fermion zero modes by the index theorem. It was shown that there were Q1Q5 SO (4) Weyl 
fermions as the zero modes. These degrees of freedom play an important role in the black 
hole physics. We also considered the anti-instanton solution which is interpreted as and an 
anti-Dl-brane embedded in a D5-brane. The anti-Dl-brane background is constructed by 
replacing x± with -x\ in ([H]). We can understand that anti-Dl-brane and D5-brane system is 
unstable because this system is not supersymmetric. We can check it as follows. We obtain 
— C 01 cr 3 r 01 e = l2x2<£ instead of the first condition in (^4|). It is impossible to find the spinors 



which satisfy this condition. However, an Anti-Dl-brane can dissolve in a D5-brane and it 
is described as anti-instanton in the gauge theory on D5-brane. We have shown that this 
anti-instanton solution is supersymmetric, so this system can be stable as the bound state. 
In section 4, we discussed the supergravity solution which is dual to the gauge theory 



of the D1-D5 system in matrix model. In [10 1 , D-instantons were constructed as local 



excitations of gauge theory on D3-branes. It was also shown that D-instantons couple to 
gravity by considering the interactions between diagonal blocks. In this paper, we considered 
Dl-brane solutions as local excitations of gauge theory on D5-branes. In matrix model, Dl- 
brane is expressed by infinitely many D-instantons. Therefore the interactions between 
Dl-branes and (anti-)Dl-branes can be viewed as the interactions between infinitely many 
D-instantons and (anti-) D-instantons. 
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